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Abstract
This paper deals with the mathematical description of metal
matrix syntactic foams (MMSFs). MMSFs are advanced mate-
rials having promising application fields in aviation, transport
and automotive industry, in civil engineering and in many other
industrial fields. They are porous materials having low density
and relatively high compression strength especial compared to
’conventional’ metallic foams. The characterization of MMSFs
is continuously developing but the mathematical description of
the compressive stress – strain curves is still missing partially.
However these formulas are needed to numerically model the
non-linear response and energy absorption of the MMSFs in
case of compressive loading. According to this the aim of this
paper is to give a full, but relatively simple method to handle the
compressive stress – strain curves.
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1 Introduction
Metal matrix syntactic foams (MMSFs) are metal matrix
composites consisting of a metallic matrix and ceramic hollow
microballoons. Due to the hollow microballoons they can be
also considered as porous materials or as metallic foams. The
most common matrix materials are aluminium alloys (namely
Al99.5 and AlSi12, but other alloys are also popular). The ce-
ramic microballoons are composition of various oxide ceram-
ics. They contain ∼35-40 wt% Al2O3 and ∼55-60 wt% SiO2.
MMSFs have low weight, outstanding specific properties, local-
ized failure, good creep resistance, etc. The specific mechanical
properties of MMSFs can be 50-100% higher than the “conven-
tional” foams’ [1, 2]. They are used as energy absorbers and
sound absorbers or as material of hulls and shells in deep-sea
applications and in aeronautics or avionics.
The porous materials such as MMSFs have increasing inter-
est and therefore they have been more and more widely studied.
The most of the papers were published about mechanical testing.
Balch et al [3, 4], Dou et al [5], Kiser et al [6], Mondal et al [7],
Palmer et al [8], Rabiei et al [9], Rohatgi et al [10], Tao et al [11]
Wu et al [12] and Zhang et al [13] are all interested in the com-
pressive testing of MMSFs. In the works mentioned above, the
results of quasi-static, dynamic, free and constrained compres-
sion test were published in details and many parameters (like
microballoon’s type and size, porosity, type of matrix material
etc.) were taken account. Beside this, papers on the problems
of MMSF producing were also published [14–17]. Moreover
Couteau and Dunand published results about the creep charac-
teristics of MMSFs [18], while Ramachandra and Radhakrishna
[19], Rohatgi et al [20] and Mondal [21] investigated the wear
and corrosive properties of MMSFs. According to the wear re-
sistance Ramachandra et al [22] and Orbulov et al [23] reported
the results of various global, depth sensing, dynamic and local
hardness tests.
A few papers are looking into the modelling of MMSFs or
MMSF like materials. For example Bardella and Genna pub-
lished two papers on the determination of the elastic properties
of syntactic foams and sandwich structures consisting syntactic
foams [24, 25]. These articles are based on a three phase unit
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cell model considering the matrix – wall – porosity structure
of the syntactic foams. Both works conclude the followings:
(Eq. 1) the actual distribution of wall thickness of the microbal-
loons seems to have little influence on the overall properties of
the syntactic foams; (Eq. 2) the present of unwanted voids has
a significant effect on the elastic moduli of the composite; and
finally (Eq. 3) the applied three phase model gives results in
good agreement with both experimental and numerical results.
However according to the authors’ best knowledge only polymer
based syntactic foams were investigated.
Marur has done something very similar. In the first corre-
sponding paper the author deal with the effective elastic moduli
of syntactic foams [26]. An analytical approach to compute the
effective elastic moduli of syntactic foams was presented. Using
the three phase concentric spherical model, the effective elastic
constants were estimated, and compared with other theories and
experimental data. The computed effective elastic moduli were
within the theoretically possible lower and upper bounds, and
somewhat overestimated the experimental (polymer based) data
because the supposed perfect bonding between the matrix and
the microballoons. In the second paper the influence of weak in-
terface between the inclusion and the matrix material in syntac-
tic foam was studied using the homogenization approach [27].
The imperfect interface resulted in displacement continuity, and
this displacement jump was modelled by a compliant layer with
imperceptible thickness. The displacement jump at the interface
was related to the corresponding traction using a linear spring
model. Explicit analytical expression was derived for the ho-
mogenized bulk modulus of syntactic foam with imperfect in-
terface. In the limit of vanishing spring layer, it reproduced bulk
modulus with perfect bonding, and in the limit of vanishing trac-
tions, it matched the bulk modulus of a porous medium. The
computed effective elastic moduli were compared with experi-
mental data available in the literature and very good agreement
between the theory and test data was found.
The last four papers mentioned above deal with the elastic
properties of the syntactic foams, however most of the cases
also involve plastic deformation and even crack initialization
and propagation. The author found only one publication on this
field [28]. This is a parametric study with the determination
of the crushability behaviour of conventional structural foams.
Results from one-step and multistep procedures were utilized
to generate the functional forms for each of the five parame-
ters that represent various features of the stress-strain response.
The functions were utilized to develop stress-strain responses of
the foams at densities that were not initially available for ex-
perimental characterization. In addition, it is was also shown
that the parametric forms are useful for development of “crusha-
bility maps” that can be employed for selection of a suitable-
density foam for a specific application based on a certain design
criterion (i.e., maximum strain-energy density or final porosity
level). However the applied function would be not suitable for
the modelling of MMSFs, because the sudden stress drop after
the first peak in the compressive diagram.
Our aim is to develop this work further and give a mathemati-
cal description for the stress-strain curves of MMSFs. With this
method any MMSF type material can be modelled and embed-
ded into numerical programs.
2 Materials and experimental methods
The investigated materials are self-made MMSFs. The
MMSFs were produced by pressure infiltration, the details were
published in [23–29]. The metallic matrices were different alu-
minium alloys, namely Al99.5, AlSi12, AlMgSi1, AlCu5 and
AlZn5 alloys. The chemical constitutions of the matrices are
listed in Tab. 1.
Two kinds of microballoons (SL150 and SL300) were incor-
porated into the matrix materials; both of them were produced
and supplied by Envirospheres Pty. Ltd. [30]. The properties of
the microballoons are listed in Tab. 2 The volume fraction of the
microballoons was 64 vol% in all case.
Overall ten types of MMSF blocks were produced by the
combination of the different matrices and microballoons. Each
block was designated by its constituents. For example Al99.5−
SL150 means that the matrix was Al99.55 alloy and the rein-
forcement was 64 vol% of SL150 type microballoon. ∅ 14
mm cylindrical upsetting specimens with aspect ratio (height
diameter ratio) of 1, 1.5 and 2 were machined from the pro-
duced blocks. The specimens were tested in three conditions:
(i) solution treated at room temperature (sign: ST 20), (ii) T 6
heat treated at room temperature (sign: H T 20) and (iii) solution
treated at elevated temperature (220◦C, over 0.5 homolog tem-
perature, sign: ST 220). For the parameters of solution and T 6
heat treatments please see Tab. 3.
Six specimens were compressed for each condition, which
means that in summary 540 upsetting tests were done (5 matri-
ces×2 microballoon type×3 aspect ratios×3 condition×6 spec-
imens). The engineering stress-engineering strain curves were
recorded in all case and used to build up the model for their
mathematical description.Origin software used to perform ade-
quate nonlinear fittings on the recorded curves as detailed in the
next section.
3 Result and discussion
The main interest of the Origin software was to permit us to
approximate the stress-strain curves for various functions. The
first logical way that was used was to split each curve into two
parts: one part for the first peak, followed by a second part for
the “plateau”. We kept this method of study for each curve until
the end.Here is an example of a curve hat we have approximated
(see Fig. 1 for Al99.5-SL300-ST-20-1.5) The margin between
the two parts is important, because at the end of the first part
a crack appears in the specimen. Regarding to the first peak,
our first idea was to use a Gaussian function to approximate the
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Tab. 1. Chemical composition of the applied matrix materials (the significant elements are shown only)
Matrix Main com-
ponents
(wt%)
Closest
ASM equiv-
alent
Al Si Mg Cu
Al99.5 99.5 - - - Al1050
AlSi12 86 12 - - A413
AlMgSi1 97 1 1.2 0.3 Al6061
AlCu5 95 - - 4.5 Al2011
Tab. 2. Morphological properties and phase constitution of the applied hollow ceramic microballoons
Type Average diameter Density (at 64
vol%)
Specific
surface
Al2O3 Amorphous
SiO2
Mullite Quartz
(µm) (g/cm3) (µm−1) wt%
SL150 100 0.576 0.060 30-35 45-50 19 1
SL300 150 0.691 0.040
Tab. 3. Parameters of the applied T6 heat treatments
Matrix Solution treatment Cooling
medium
Aging
temperature(◦C) time (h) temperature
(◦C)
time (h)
Al99.5 500 1 water - -
AlSi12 500 1 water - -
AlMgSi1 520 1 water 170 14
AlCu5 500 1 water 160 14
AlZn5 520 1 water 170 24
Fig. 1. Compressive stress strain curve and fitted curves of Al99.5-SL300-
St-20-1.5 type MMSF
curve, while this function is ideal for modelling a simple peak.
y = y0 + A
w
√
0.5pi
e
−2 (x−xc)
w2 (1)
In this formulae xc represents the abscissa of the peak, w the
width of the peak, and A is used to modify the height of the peak
(amplitude). However this function does not take into account
the peak asymmetry. To solve this problem the next idea was
to use a new function that is the sum of a Gaussian and a linear
function.
y = y0 + y1x + A
w
√
0.5pi
e
−2 (x−xc)
w2 (2)
We also tried to model this first part of the curve by a double
Gaussian (the sum of two Gaussians). This approximation was
quite good but there were still some curves on which the approx-
imation does not work. Therefore, after many trying and search-
ing for asymmetrical peak functions, we opted for the Chesler-
Cram Peak Function (CCE) function.
y = y0 + A
[
e
−(x−xc1)2
2w + B(1− 0.5(1− tan h(k2(x − xc2))))
e−0.5k3(|x−xc3|)x−xc3)
]
(3)
where: y0 is a sort of offset and permit to move up or down the
curve, A is a multiplier that determines the peak height (ampli-
tude), xc1 is the abscissa of the peak (strain at first peak), xc2 is
the abscissa of the middle of the hyperbolic tangent which per-
mits the asymmetry, B is the amplitude of the second exponen-
tial, w is the variance of the Gaussian part of the function (peak
width), k2 is the weight of the hyperbolic tangent, xc3 is the start
abscissa of the second exponential, k3 is the weight of the sec-
ond exponential. The visualization of CCE curve is shown in
Fig. 2.
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Fig. 2. The visualization of the Chesler-Cram peak function
Fig. 3. Visualization for the calculation of the third integral part
For the second part of the curve, several ideas have been taken
into account at the start: linear function, polynomial of second
order or more, or functions like xn . Because of the various eval-
uation of the second part (can increase, decrease or even alter-
nate) an affine function or a second order polynomial can not
characterize this part. Therefore a function in which the expo-
nent is variable was the next step of our approach. However,
it was not a perfect approximation. Finally fifth order polyno-
mial was chosen. With this function we had to determine six
coefficients by nonlinear fittings.
y = A0 + A1x + A2x2 + A3x3 + A4x4 + A5x5 (4)
Higher order polynomials would give better fitting, but the au-
thors stopped at fifth order because this is sufficient to describe
all the variations and alternations of the curve. However the
second part of the curves is only interested in energy absorption
and corresponds to the failure mechanisms of MMSFs, there-
fore this part of the curve is not studied further in this paper, but
will be detailed in our next article. In summary all the stress-
strain curves of the different MMSFs can be described by using
the CCE function and a fifth order polynomial. An example is
shown if Fig. 1.
The first part of the curve provides the main mechanical prop-
erties of the MMSFs, namely the compressive strength (first
peak), the fracture strain (strain at first peak) and the structural
stiffness (the slope of the initial of the curve). Therefore the au-
thors made a theoretical study of the CCE function (presented
by (Eq. 3)) that has been useful to approximate the first part of
the engineering stress – engineering strain curves.
First a simplification can be done, because the CCE is only
used to describe the first part of the curves, therefore its second
exponential is not necessary: due to x is always less than xc3,
thus
∀x < xc3 → e−0.5k3(x−xc3) + x − xc3 = 1 (5)
Therefore the original CCE function can be simplified to:
y = y0 + A
[
e
−(x−xc1)2
2w + B(1− 0.5(1− tan h(k2(x − xc2))))
]
(6)
The second exponential part will be not necessary for the cal-
culation of the compressive strength, the failure strain or the
structural stiffness. The compressive strength is the value of
the modified CCE function at xc1 and we know that for given
parameters of usual MMSFs:
tan h(k2(x − xc2)) ≈ 1 (7)
By combining (Eq. 6) and (Eq. 7) the compressive strength
(σc) can be written as:
σc = y0 + A(1+ B) (8)
The xc1 abscissa of the first peak, which can be obtained from
the fitting, gives the failure strain (εc):
εc = xc1 (9)
The slope of the curve in the elastic part equals to the structural
stiffness. To determine this, the slope at the point xc2 should
be calculated by a limited development of the simplified CCE at
x = xc2. In the small vicinity of xc2:
∀x ∈ [xc2 − δ; xc2 + δ]→ e
−(x−xc1)2
2w ≈ 0 (10)
and
tan h(k2(x − xc2)) ≈ k2x (11)
With (Eq. 10) and (Eq. 11) the structural stiffness can be ex-
pressed as:
S = 0.5ABk2
The area under the stress – strain curve represents the energy
absorbed by the material. The energy absorbed to the end of the
first part is important because it represents the absorbed energy
until the appearance of the first crack in the specimen. The ab-
sorbed energy equals to the integrated area below the curve and
can be defined as:
E =
∫ xc1
0
y(x)dx = I1 + I2 + I3 (12)
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where:
I1 =
xc1∫
0
(y0 + 0.5AB)dx (13)
I2 =
xc1∫
0
Ae
−(x−xc1)2
2w dx (14)
I3 =
xc1∫
0
0.5AB tan h(k2(x − xc2))dx (15)
The first integral is easy to calculate:
I1 = (0.5AB + y0)xc1 (16)
Regarding to the second integral, as
+∞∫
0
e−x2dx =
√
pi
2
(17)
and xc1 is high enough compared to xc2, we can approximate I2
with a change of variable.
I2 = A
√
piw
2
(18)
To calculate the third integral, the authors suggest a graphical
approach. For this the plot of the function to be integrated is
shown in Fig. 3.
The authors notice that the two hatched areas compensate
each other; therefore their integrated value is almost zero. Due
to this the third integral is the area of the rectangle between xc1
and xc2:
I3 = 0.5AB(xc1 − 2xc2) (19)
The authors note that certainly it is possible to calculate the exact
value of the third integral by the following expression:
I3 = 0.5Bk2 {ln [cosh(k2(xc1 − xc2))]− ln [cosh(−k2xc2)]}(20)
By summing these three integrals and rearranging the for-
mula, we obtain a relationship linking the absorbed energy and
the parameters of CCE:
E = y0xc1 + A
(√
0.5piw + B(xc1 − xc2)
)
When all of the curves were fitted, the different parameters
obtained for the modified CCE function were grouped. Thanks
to the previously established formulas, we were able to trace
the evolution of the compressive strength (first peak), the failure
strain (strain at first peak), the structural stiffness (slope of the
elastic part), and the absorbed energy (area below the curve) for
a given material depending on the ratio H/D. It should be noted
that some curves were not considered because the parameters
obtained for the CCE function were abnormal values. Here are
several examples of obtained graphs.
Fig. 4. Structural stiffness for different Al99.5 matrix syntactic foams
Fig. 5. Fracture strain for different Al99.5 matrix syntactic foams
Fig. 6. Absorbed energy for different AlCu5 matrix syntactic foams
Fig. 7. Compressive strength for different AlCu5 matrix syntactic foams
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The authors note that in some graphics it is easy to make con-
clusions. For example the graph of the slope in the quasi-elastic
Al99.5 shows that the initial slope increases with H/D (Fig. 4).
However, it is more difficult to make conclusions from other
graphs like the graph representing the energy absorbed AlCu5
(Fig. 6). Thus, we have grouped all the trends in comparative ta-
bles for readability (please refer to Tab. 4, Tab. 5, Tab. 6, Tab. 7
in the Annex). The trends can be described as increasing, de-
creasing, constant, hat (with maximums around H/D = 1.5),
valley (with minimums around H/D = 1.5) or “unknown” (if
no general trend can be seen). In summary, some trends can be
noticed: for a given material, where H/D increases, the structural
stiffness (the slope of the quasi-elastic part) increases, the ab-
sorbed energy (the area below the curve) and the fracture strain
decrease. Moreover, the upsetting tests conducted at 220◦C lead
to maximum stresses and initial slopes lower than for tests real-
ized at 20◦C. However, for some materials it is difficult to obtain
convincing results. This is particularly the case of AlZn5 (espe-
cially for compressive stress). It is certain that checking all the
curves, some tests could be eliminated, which would then re-
move some inconsistencies. It is nevertheless difficult to find
the boundary between a test that can keep and one that must be
eliminated.
4 Conclusions
By using the modified CCE function to describe the compres-
sive behaviour of MMSFs, we were able to calculate the com-
pressive strength (σc), the fracture strain (εc), the structural stiff-
ness (S) and the absorbed energy (E) of the engineering stress
– engineering strain curves. The formulas linking the physical
parameters to the fitting parameters are given in the following
forms:
σc = y0 + A(1+ B)
εc = xc1
S = 0.5ABk2
E = y0xc1 + A
(√
0.5piw + B(xc1 − xc2)
)
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Tab. 4. Trend of the compressive strenght in function of aspect ratio
Matrix Microballon’s type Condition Trend as the function of aspect ratio Notes
Al99.5 SL150 ST 20 decrease ST 220<ST 20
SL150=SL300 ex-
cept H/D=2, when
SL300>SL150
ST 220 decrease
SL300 ST 20 decrease
ST 220 decrease
AlSi12 SL150 ST 20 decrease ST 220<ST 20
ST 220 unknown
SL300 ST 20 decrease
ST 220 constant
AlMgSi1 SL150 ST 20 constant SL300<SL150
HT 20 constant
SL300 ST 20 constant
HT 20 constant
AlCu5 SL150 ST 20 increase
HT 20 hat
SL300 ST 20 valley
HT 20 hat
AlZn5 SL150 ST 20 constant HT 20>ST 20
HT 20 unknown
SL300 ST 20 unknown
HT 20 unknown
Tab. 5. Trend of the fracture strain in function of aspect ratio
Matrix Microballon’s type Condition Trend as the function of aspect ratio Notes
Al99.5 SL150 ST 20 decrease
ST 220 decrease
SL300 ST 20 decrease
ST 220 decrease
AlSi12 SL150 ST 20 decrease
ST 220 unknown
SL300 ST 20 decrease
ST 220 decrease
AlMgSi1 SL150 ST 20 decrease HT20>ST20
SL150>SL300
HT 20 decrease
SL300 ST 20 decrease
HT 20 decrease
AlCu5 SL150 ST 20 decrease
HT 20 decrease
SL300 ST 20 decrease
HT 20 decrease
AlZn5 SL150 ST 20 decrease SL150>SL300
HT20>ST20
HT 20 decrease
SL300 ST 20 decrease
HT 20 decrease
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Tab. 6. Trend of the structural stiffness in function of aspect ratio
Matrix Microballon’s type Condition Trend as the function of aspect ratio Notes
Al99.5 SL150 ST 20 increase ST20>ST220 SL150=SL300 except
HD2 SL300>SL150
ST 220 increase
SL300 ST 20 increase
ST 220 increase
AlSi12 SL150 ST 20 increase
ST 220 unknown
SL300 ST 20 increase
ST 220 increase
AlMgSi1 SL150 ST 20 increase
HT 20 hat
SL300 ST 20 increase
HT 20 unknown
AlCu5 SL150 ST 20 increase
HT 20 increase
SL300 ST 20 increase
HT 20 increase
AlZn5 SL150 ST 20 increase HT 20<ST 20
HT 20 increase
SL300 ST 20 increase
HT 20 increase
Tab. 7. Trend of the absorbed energy in function of aspect ratio
Matrix Microballon’s type Condition Trend as the function of aspect ratio Notes
Al99.5 SL150 ST 20 decrease SL150=SL300 except HD2
SL300>SL150
ST 220 decrease
SL300 ST 20 decrease
ST 220 decrease
AlSi12 SL150 ST 20 decrease ST220<ST20
ST 220 unknown
SL300 ST 20 decrease
ST 220 decrease
AlMgSi1 SL150 ST 20 decrease
HT 20 valley
SL300 ST 20 decrease
HT 20 decrease
AlCu5 SL150 ST 20 decrease SL300<SL150
HT 20 decrease
SL300 ST 20 decrease
HT 20 constant
AlZn5 SL150 ST 20 constant
HT 20 decrease
SL300 ST 20 decrease
HT 20 decrease
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